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Fractional cointegration is viewed from a semiparametric viewpoint as a 
narrow-band phenomenon at frequency zero. We study a narrow-band 
frequency domain least squares estimate of the cointegrating vector, and 
related semiparametric methods of inference for testing the memory of 
observables and the presence of fractional cointegration. These procedures 
are employed in analysing empirical macroeconomic series; their usefulness 
and feasibility in finite samples is supported by results of a Monte Carlo 
experiment. 
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Prghoolqj ri orqj whup uhodwlrqvklsv ehwzhhq pdfurhfrqrplf yduldeohv
kdv prvwo| fhqwhuhg durxqg wkh srvvlelolw| ri frlqwhjudwlrq ri wlph vhulhv
zlwk rqh ru pruh dxwruhjuhvvlyh +DU, xqlw urrwv1 Wkh xqrevhuydeoh lqsxw wr
wkh ?qlwh0ghjuhh yhfwru DU lv w|slfdoo| d yhfwru UEf￿ surfhvv/ qdpho| rqh wkdw
lv +fryduldqfh, vwdwlrqdu| zlwk vshfwudo ghqvlw| pdwul{ wkdw lv frqwlqxrxv dqg
srvlwlyh gh?qlwh dw iuhtxhqf| }hur1 Li vlqjoh gl>huhqflqj ri wkh DU revhuy0
deoh/ ghqrwhg e| wkh R ß ￿ froxpq yhfwru 5|/ | 5 ~/ ~ ’ i| G | ’f c￿￿cØØØj
surgxfhv dq UEf￿ surfhvv/ 5| lv vdlg wr eh lq UE￿￿/l iw z l f hg l >huhqflqj/ UE2￿/
dqg vr rq> wkh dujxphqw ri U lv uhihuuhg wr dv wkh lqwhjudwlrq rughu1 Wkh lqsxw
surfhvv pd| kdyh sdudphwulf dxwrfruuhodwlrq/ lq dq h>ruw wr vlpxowdqhrxvo|
prgho vkruw0uxq ehkdylrxu/ ru lw pd| kdyh qrqsdudphwulf dxwrfruuhodwlrq/
uhfrjql}lqj wkdw plvvshfl?fdwlrq ri hyhq vkruw0uxq ehkdylrxu fdq lqydolgdwh
lqihuhqfhv rq orqj0uxq ehkdylrxu> wkh prghoolqj ri 5| lv wkhq vdlg wr eh/ uh0
vshfwlyho|/ sdudphwulf ru vhplsdudphwulf1 Hpslulfdo dqdo|vlv w|slfdoo| ehjlqv
zlwk whvwlqj iru wkh suhvhqfh ri xqlw urrwv> jlyhq d srvlwlyh rxwfrph/ wkhuh lv
d vhdufk iru srvvleoh frlqwhjudwlqj uhodwlrqvklsv/ qdpho| olqhdu frpelqdwlrqv
ri irup
k
￿5| ’ e| c +4,
zkhuh k￿ lv wkh wudqvsrvh ri wkh R ß ￿ yhfwru k/ xvxdoo| xqnqrzq/ dqg e|
kdv d orzhu lqwhjudwlrq rughu wkdq 5|1 Vxfk e|/ uhihuuhg wr dv d frlqwhjudwlqj
huuru/ lv UEf￿ zkhq 5| lv UE￿￿/d q gl vUEf￿ ru UE￿￿ zkhq 5| lv UE2￿1Z r u nr q
wkh sdudphwulf UE￿￿ revhuydeoh fdvh ehjdq zlwk Hqjoh dqg Judqjhu +4<;:,
dqg Mrkdqvhq +4<<4,> iru vhplsdudphwulf prghov/ vhh h1j1 Skloolsv +4<<4d/e,1
Wkh DU0edvhg xqlw urrw whvwlqj dqg frlqwhjudwlrq phwkrgv kdyh ehhq
zlgho| dssolhg/ vxjjhvwlqj wkdw pdq| hfrqrplf wlph vhulhv frxog eh UE￿￿ ru
UE2￿/ dqg surylglqj lqirupdwlrq rq wkh suhvhqfh ru devhqfh ri frlqwhjudwlrq
lq pdq| gdwd vhwv1 Krzhyhu/ UE￿￿ dqg UE2￿ duh vshfldol}hg irupv ri qrqvwd0
wlrqdulw|/ zkloh UEf￿ lv d vshfldol}hg irup ri vwdwlrqdulw|1 Lq sduwlfxodu/ vfdodu
UEf￿ surfhvvhv duh dovr qhvwhg zlwklq d pxfk pruh jhqhudo vwdwlrqdu| dqg lq0
yhuwleoh iudfwlrqdo UE_￿ fodvv/ iru m_m ￿
￿
2/g h ?qhg lq wkh iroorzlqj vhfwlrq/ vxfk
wkdw wkh vshfwudo ghqvlw| ehkdyhv olnh b
32_ qhdu b ’f / b ghqrwlqj iuhtxhqf|/
vr wkh vshfwuxp kdv d sroh zkhq f ￿_￿￿
2/ ru d }hur zkhq ￿￿
2 ￿_￿f/
dw b ’f 1 Zh fdoo _ wkh lqwhjudwlrq rughu> UE_￿ qrqvwdwlrqdu| vhtxhqfhv/ iru
_ Ł
￿
2/f d qe hg h ?qhg vxfk wkdw wkhlu lqwhjhu gl>huhqfh ri vxlwdeoh ghjuhh lv d
vwdwlrqdu| dqg lqyhuwleoh +iru _:
￿
2￿ iudfwlrqdo/ ru dv vxlwdeoh ?owhu ri dq UEf￿
vhtxhqfh/ dv ghvfulehg lq wkh iroorzlqj vhfwlrq1 Lw lv wkhq srvvleoh wkdw/ iru
h{dpsoh/ d whvw wkdw d pdfurhfrqrplf yduldeoh lv UE￿￿ gluhfwhg djdlqvw iudf0
wlrqdo UE_￿ dowhuqdwlyhv pljkw surgxfh d gl>huhqw rxwfrph iurp rqh gluhfwhg
4djdlqvw wkh xvxdo vwdwlrqdu| DU dowhuqdwlyhv1 Ixuwkhu/ iudfwlrqdo surfhvvhv
pljkw ehwwhu dssur{lpdwh hlwkhu 5| ru e| ru erwk/ dqg frlqwhjudwlrq ri vwd0
wlrqdu| UE_￿ surfhvvhv fdq eh hqwhuwdlqhg/ zkhuh e| lv vwdwlrqdu| UE_e￿ iru
_e ￿_ cdqg pd| eh ri lqwhuhvw lq vrph ?qdqfldo vhulhv h{klelwlqj orqj udqjh
ghshqghqfh1
Qrz wkdw odujh vdpsoh uxohv ri lqihuhqfh iru iudfwlrqdo UE_￿ surfhvvhv
duh dydlodeoh/ dqdo|}lqj iudfwlrqdo lqwhjudwlrq dqg frlqwhjudwlrq lv d uhdolvwlf
srvvlelolw|1 Iru sdudphwulf vwdwlrqdu| UE_￿ surfhvvhv/ dv|pswrwlf wkhru| ri
Ir{ dqg Wdttx +4<;9, kdv ehhq h{whqghg e| ydulrxv vxevhtxhqw dxwkruv/
zkloh iru qrqsdudphwulf vwdwlrqdu| UE_￿ surfhvvhv +zkhuh wkh vshfwudo ghqvlw|
lv xquhvwulfwhg dzd| iurp }hur iuhtxhqf|, Urelqvrq +4<<8d/e, kdv hvwdeolvkhg
dv|pswrwlf glvwulexwlrqdo surshuwlhv ri hvwlpdwhv ri _/ klv uhvxowv h{whqghg wr
qrqvwdwlrqdu| vhulhv e| Yhodvfr +4<<<d/e,> olplw glvwulexwlrqv duh vwdqgdug1
Qrwlrqv ri iudfwlrqdo frlqwhjudwlrq kdyh ehhq h{soruhg/ lqghhg wkh hduo| sdshu
ri Hqjoh dqg Judqjhu +4<;:, vwuhvvlqj DU0edvhg frlqwhjudwlrq lqfoxghg d
gh?qlwlrq fryhulqj iudfwlrqdo surfhvvhv> wkh vwdwlrqdu| fdvh kdv ehhq vwxglhg
e| Urelqvrq +4<<7d,/ wkh qrqvwdwlrqdu| rqh e| Fkdq dqg Whuulq +4<<8, dqg
rwkhuv1
Iudfwlrqdo prghoolqj frqvlghudeo| h{sdqgv wkh srvvlelolwlhv ri frlqwhjud0
wlrq dqdo|vlv dqg srvhv frqvlghudeoh qhz fkdoohqjhv1 Wkh ydulrxv phwkrgv
ghyhorshg iru DU0edvhg frlqwhjudwlrq dqdo|vlv ghshqg rq wkh suhvxphg/
lqwhjhu0ydoxhg/ lqwhjudwlrq rughuv ri 5| dqg e|/ dqg dsshdu wr orvh ydolglw|
zkhq wkh wuxh lqwhjudwlrq rughuv gl>hu1 Vxfk phwkrgv pd| eh jhqhudol}0
deoh wr suh0vshfl?hg dowhuqdwlyh/ srvvleo| iudfwlrqdo/ lqwhjudwlrq rughuv/ exw
i d f h gz l w kd qx q f r x q w d e o hl q ?qlw| ri srvvleoh lqwhjudwlrq rughuv lw pd| eh
kdug wr fkrrvh rqhv hyhq wr eh wkh vxemhfw ri d suh0whvw1 Jhqhudoo|/ lw vhhpv
pruh qdwxudo wr doorz lqwhjudwlrq rughuv wr eh xqnqrzq1 Wklv frqvwlwxwhv
d udglfdo ghsduwxuh iurp wkh DU0edvhg dssurdfk/ zkhuh lqwhjudwlrq rughuv/
diwhu whvwlqj/ duh wuhdwhg dv jlyhq1 Dgglwlrqdo frpsolfdwlrqv wkdw dulvh lq wkh
iudfwlrqdo vhwwlqj duh wkh srvvlelolw| ri d ydulhw| ri lqwhjudwlrq rughuv lq wkh
yhfwru 5| dqg/ zkhq lw dovr lv d yhfwru/ wkh frlqwhjudwlqj huuru e|1 Vwxg| ri
lghqwl?fdwlrq sureohpv/ ri whvwlqj iru wkh suhvhqfh dqg ghjuhh ri frlqwhjud0
wlrq/ dqg lqihuhqfh rq wkh xqnqrzq frh!flhqwv ri wkh frlqwhjudwlqj huuruv/ lv
lq lwv lqidqf|1
Wkh suhvhqw sdshu ghyhorsv dqg qxphulfdoo| hydoxdwhv phwkrgrorj| iru
lqihuhqfh rq +srvvleo| iudfwlrqdo, lqwhjudwlrq rughuv dqg +srvvleo| iudfwlrqdo,
frlqwhjudwlrq/ dqg iru hvwlpdwlrq ri wkh frlqwhjudwlqj yhfwru1 Lq wkh iroorzlqj
vhfwlrq zh glvfxvv qrwlrqv ri iudfwlrqdo lqwhjudwlrq dqg frlqwhjudwlrq1 Wkh
frlqwhjudwlqj uhjuhvvlrq yhfwru hvwlpdwhv duh wkrvh ri Urelqvrq dqg Pdulq0
xffl +4<<<d/e,/ ghqrwhg qduurz0edqg iuhtxhqf| grpdlq ohdvw vtxduhv +IGOV,
dqg ghvfulehg lq Vhfwlrq 61 Vhfwlrq 7 glvfxvvhv hvwlpdwhv dqg whvw surfhgxuhv
5lq uhodwlrq wr lqwhjudwlrq rughuv ri Urelqvrq +4<<8d/e,/ Oredwr +4<<9,/ Or0
edwr dqg Urelqvrq +4<<;,/ dqg sursrvhv d uhodwhg/ Kdxvpdq0w|sh whvw iru
wkh suhvhqfh ri iudfwlrqdo frlqwhjudwlrq1 Vhfwlrq 8 dssolhv wkh surfhgxuhv ri
Vhfwlrqv 6 dqg 7 wr pdfurhfrqrplf gdwd vhwv xvhg lq wkh hduo| sdshuv ri
Hqjoh dqg Judqjhu +4<;:,/ Fdpsehoo dqg Vkloohu +4<;:,1 Wkh hpskdvlv khuh
lv rq jdlqlqj lqirupdwlrq rq zkhwkhu frlqwhjudwlrq h{lvwv/ zklfk uhtxluhv lq
wkh ?uvw sodfh whvwlqj zkhwkhu revhuydeoh vhulhv kdyh htxdo lqwhjudwlrq ru0
ghuv1 Lq Vhfwlrq 9/ Prqwh Fduor vlpxodwlrqv dvvhvv ?qlwh vdpsoh shuirupdqfh
ri rxu Kdxvpdq0w|sh whvw dqg frpsduh ydulrxv hvwlpdwhv ri frlqwhjudwlqj
frh!flhqwv/ d pdlq txhvwlrq wkhuh ehlqj krz wkh gl>hulqj wkhruhwlfdo uhvxowv
rq dv|pswrwlf +kljkhu rughu, eldv ri ydulrxv hvwlpdwhv duh uhohydqw lq ?qlwh
vdpsohv1 Lq ylhz ri rxu wkhruhwlfdo glvfxvvlrq dqg wkh hpslulfdo uhvxowv/ zh
uhfrpphqg vhplsdudphwulf iuhtxhqf| grpdlq vwdwlvwlfv lq jhqhudo/ dqg wkh
IGOV dqg Kdxvpdq0w|sh whvw lq sduwlfxodu/ dv ihdvleoh dqg xvhixo surfhgxuhv
iru jhqhudo iudfwlrqdo frlqwhjudwlrq dqdo|vlv1
51 IUDFWLRQDO LQWHJUDWLRQ DQG FRLQWHJUDWLRQ
Ydulrxv gh?qlwlrqv ri d/ iudfwlrqdoo| lqwhjudwhg/ UE_￿ surfhvv duh srvvleoh1
Rqh dvvhuwv wkdw d vfdodu surfhvv @|/ | 5 ~/ lv vdlg wr eh UE_￿/ _:f/l iw k h u h
h{lvwv d }hur phdq vfdodu UEf￿ surfhvv #|/ | 5 ~/d q gdv f d o d u>/ vxfk wkdw
@| ’ > n{
3_#|￿E|:f￿ / | 5 ~ / _:f /+ 5 ,










e3%%k3￿_%c uhvxowv iru lqwhjhu
_ iroorzlqj iurp wdnlqj KEf￿*KEf￿ ’ ￿ dqg wkhq KE￿_￿’4/ _ ’f c￿cØØØ1
Lq +5,/ @| fdq eh vdlg wr eh dv|pswrwlfdoo| vwdwlrqdu| zkhq _￿
￿
2>l w
lv qrqvwdwlrqdu| vroho| gxh wr wkh wuxqfdwlrq rq wkh uljkw kdqg vlgh1 Wkh
wuxqfdwlrq lv ghvljqhg wr fdwhu iru fdvhv _ Ł
￿
2/ ehfdxvh rwkhuzlvh wkh uljkw0
kdqg vlgh ri +5, grhv qrw frqyhujh lq phdq vtxduh dqg khqfh @| lv qrw zhoo0
gh?qhg> zh pljkw uhihu wr @| jlyhq e| +5, iru _ Ł ￿
2 dv sxuho| qrqvwdwlrqdu|1
Dq dowhuqdwlyh UE_￿ gh?qlwlrq iru _ Ł
￿
2 lv
@| ’ > n{
3&l|￿E|:f￿ / | 5 ~c +6,
zkhuh l| lv vwdwlrqdu| UE_￿&￿/ iru wkh lqwhjhu & vxfk wkdw _￿ ￿
2 ￿&Ø _n ￿
21
W k hg l v w l q f w l r qe h w z h h q+ 5 ,d q g+ 6 ,l vg l v f x v v h ge |P d u l q x f f ld q gU r e l q v r q





ri +6, dqg +5, duh dv|pswrwlfdoo| htxlydohqw lq wkh phdq vtxduh vhqvh/ dqg
6frqvhtxhqwo| lw vhhpv gl!fxow wr vwdwlvwlfdoo| glvwlqjxlvk ehwzhhq wkhp1 Lq
wklv sdshu/ zh irfxv rq +5,/ zklfk zh frqvlghu pruh qdwxudo dqg gluhfw dv d
gdwd jhqhudwlqj surfhvv> dgrswlqj +6, zrxog d>hfw wkh olplwlqj glvwulexwlrq
ri vrph vwdwlvwlfv zklfk zh xvh/ exw qrw wkhlu udwhv ri frqyhujhqfh1
Vhyhudo gh?qlwlrqv uhohydqw wr iudfwlrqdo frlqwhjudwlrq fdq eh irxqg lq wkh
olwhudwxuh +dv uhylhzhg e| Urelqvrq dqg \dmlpd +5333,,/ exw iru rxu sxusrvhv
lw lv frqyhqlhqw wr hoderudwh rq +4, dv iroorzv1 Zh sduwlwlrq 5| dv 5| ’E %￿
|c+ |￿￿c
zkhuh +| lv d vfdodu dqg %| ’E %￿|cØØØc% R3￿c|￿￿Ø Zh vd| wkdw 5| lv frlqwhjudwhg
+ri rughuv _￿cØØØc_ R3￿c_ +(_Eq￿￿ li %￿| lv UE_￿￿c￿’￿ cØØØcR￿ ￿c dqg +| lv UE_+￿
dqg li wkhuh h{lvwv d ER￿￿￿ß￿ yhfwru q vxfk wkdw e| ’ +|￿q
￿%| lv UE_Eq￿￿/i r u
_Eq￿ ￿_ +Ø Fohduo| _Ef￿ ’ _+/ dqg wklv gh?qlwlrq hqwdlov _￿ ’ _+ :_ Eq￿ iru dw
ohdvw rqh ￿1L q+ 4 ,z hg l gq r wq r u p d o l } hkc exw ri frxuvh li k￿5| lv lq UE_Eq￿￿
wkhq vr lv Sk￿5| iru dq| S 9’f Ø Krzhyhu/ zkloh wkh fkrlfh ri qrq}hur ydoxh iru
wkh frh!flhqw ri +| lv wkhqfh duelwudu|/ wkh vhohfwlrq ri +| wr kdyh/ ri qhfhvvlw|/
d qrq}hur frh!flhqw lq xhqfhv wkh lqyhvwljdwlrq1 Dowhuqdwlyh qrupdol}dwlrqv
wr k ’E ￿q
￿c￿￿￿ frxog surylgh qrq0wulyldoo| gl>huhqw frlqwhjudwlqj uhodwlrqv/
iru h{dpsoh e| ’ q￿%￿| n q2%2|c zkhq _Eq￿ ￿_ ￿ ’ _2 ￿_ +cq ￿ ehlqj wkh ￿0wk
hohphqw ri qØ Li _￿ ’ ØØØ ’ _R3￿ ’ _+/ vd|/ wklv fdqqrw dulvh/ exw rxu gh?qlwlrq
uh hfwv wkh idfw wkdw d qrupdol}dwlrq ri d xqlw w|sh/ zklfk lv qdwxudo lq wkh
frqwh{w ri wkh uhjuhvvlrq surfhgxuhv zh vkdoo xvh/ uhtxluhv vhohfwlrq ri wkh
qrupdol}hg yduldwh1
Rxu frlqwhjudwlrq gh?qlwlrq lpsolhv lqyduldqfh wr lqfoxvlrq ri ixuwkhu ydul0
dwhv kdylqj lqwhjudwlrq rughu qr juhdwhu wkdq _Eq￿Ø Krzhyhu/ wkh frh!flhqwv
ri wkhvh zrxog eh xqlghqwl?hg/ dv lqghhg duh q￿ iru ￿ vxfk wkdw _￿ Ø _Eq￿Ø Rq
wkh rwkhu kdqg/ li q lv douhdg| qrw lghqwl?hg/ exw zh wkhq jr rq wr lqfoxgh
ixuwkhu yduldwhv wkdw vdwlvi| _￿ Ø _Eq￿/ wkhq e| sduwlwlrqhg uhjuhvvlrq lw pd|
eh vkrzq wkdw wkh odujh vdpsoh surshuwlhv ghvfulehg iru hvwlpdwhv ri q lq wkh
iroorzlqj vhfwlrq vwloo krog1 Qrwh wkdw zkhq R Ł ￿/ wkh h{lvwhqfh ri frlqwh0
judwlrq qhhg qrw lghqwli| hyhq q￿ iru zklfk _￿ :_ Eq￿1 Li wkhuh lv pruh wkdq
rqh frlqwhjudwlqj uhodwlrq/ vr wkdw iru vrph ER￿￿￿ß￿ yhfwru ￿ 9’ qc +|￿￿￿%|
lv UE_E￿￿￿ iru _E￿￿ ￿_ +c wkhq lw iroorzv wkdw Eq ￿ ￿￿￿%| lv UE_Eqc￿￿￿c zkhuh
_Eqc￿￿ Ø 4@ E_Eq￿c_E￿￿￿ ￿_ +c dqg lw pd| wkhq eh vkrzq wkdw wkhuh h{lvwv




zhdno| wr d pdwul{ wkdw lv erwk ?qlwh dqg qrq0vlqjxodu1 Krzhyhu/ zlwk &:￿
qrq0wulyldo/ gl>huhqw/ frlqwhjudwlqj uhodwlrqv zh fdq uhgh?qh %| dv d ER ￿ &￿
yhfwru dqg +| dv d &ß￿ yhfwru/ zkhqfh wkh uhjuhvvlrq wkhru| uhihuuhg wr lq wkh
iroorzlqj vhfwlrq dssolhv wr hdfk ri wkh & uhjuhvvlrqv1 Urelqvrq dqg \dmlpd
+5333, kdyh suhvhqwhg phwkrgv iru ghwhuplqlqj iudfwlrqdo frlqwhjudwlqj udqn
lq wklv vlwxdwlrq1 Khuh zh vkdoo surfhhg lq wkh frqwh{w ri dw prvw rqh frlq0
whjudwlqj uhodwlrq/ dqg zkloh rxu vwuhvv rq wkh ghshqghqfh ri wkh lqwhjudwlrq
rughu ri wklv rq q zdv lpsruwdqw wr wkh deryh glvfxvvlrq/ zh vkdoo khqfhiruwk
7deeuhyldwh _Eq￿ wr _eØ
61 HVWLPDWLRQ RI FRLQWHJUDWLQJ YHFWRUV
Zh glvfxvv hvwlpdwlrq ri q lq wkh uhsuhvhqwdwlrq
+| ’ q
￿%| n e| +7,
iru wkh revhuydeoh yhfwru 5| ’E %￿
|c+ |￿￿ lqwurgxfhg lq wkh suhylrxv vhfwlrq1
Wkh vhwwlqj lv wkdw ri rxu gh?qlwlrq ri frlqwhjudwlrq/ vr wkdw wkh xqrevhuydeoh
surfhvv e| lv UE_e￿c_ e ￿_ +/ zkloh zh dvvxph wkdw q lv lghqwl?hg1 Ixuwkhu wr
wkh glvfxvvlrq frqfoxglqj wkh suhylrxv vhfwlrq/ zh dvvxph 5| lv revhuyhg iru
| ’￿ cØØØc?Ø









Zlwk dovr d froxpq yhfwru ru vfdodu vhtxhqfh K|c|’￿ cØØØc?csrvvleo| lghqwlfdo




Qrz ghqrwh e| b￿ ’2 Z￿*?c iru lqwhjhu ￿/ wkh Irxulhu iuhtxhqflhv/ dqg
















zkhuh ￿EØ￿ lv wkh lqglfdwru ixqfwlrq dqg wkh lqwhjhu 6 vdwlv?hv ￿ Ø 6 Ø ?*2Ø
Wkh odvw whup lq +:, rqo| frqwulexwhv zkhq ? lv hyhq dqg 6 dfklhyhv lwv
pd{lpxp ydoxh/ ?*2Ø Wkh fdvh 6 ’d ?*2o/z k h u hdØo ghqrwhv lqwhjhu sduw/ lv









E@| ￿ @￿EK| ￿ K￿
￿c +;,
wkh phdq0fruuhfwhg vdpsoh fryduldqfh/ zlwk @ ’ ?3￿ S?
|’￿ @|Ø Zh revhuyh
wkdw e 8@KE6￿ uhsuhvhqw wkh frqwulexwlrqv iurp iuhtxhqflhv d￿cb 6o wr wkh vdpsoh
fryduldqfhv lq +;,> wkh fdvh zkhuh phdq0fruuhfwlrq lv devhqw iurp +:,2+;,
8frxog dovr eh frqvlghuhg exw zh rplw lw gxh wr suhvvxuh ri vsdfh dqg ehfdxvh
lw vhhpv ohvv uhohydqw iru hpslulfdo dssolfdwlrqv1
Zh hvwlpdwh q e| wkh iuhtxhqf| grpdlq ohdvw vtxduhv +IGOV, vwdwlvwlf
e q6 ’ e 8%%E6￿
3￿ e 8%+E6￿ c +<,
dvvxplqj wkh lqyhuvh h{lvwv1 Urelqvrq +4<<7d, sursrvhg +<, zkhq R ’2 /
zlwk vwdwlrqdu| %|/ +| lq plqg1 Lq ylhz ri +;,/ d vshfldo fdvh lv wkh ruglqdu|














2o wkhuh duh eurdgo| wzr fdvhv ri lqwhuhvw lq wkh dv|pswrwlf
frqwh{w zkhuh ? $4 c qdpho|










$ f Ø +45,
Lq fdvh +44,/ d qrqghjhqhudwh vxevhw ri iuhtxhqflhv lv xvhg> iru wklv fdvh/ e q6
zdv lqwurgxfhg e| Kdqqdq +4<96,/ dqg vxevhtxhqwo| frqvlghuhg e| Urelqvrq
+4<:6, dqg Hqjoh +4<:7,/ zkr qdphg wkh dssurdfk 3edqg0vshfwuxp uhjuhv0
vlrq41 Lq fdvh +45,/ dq lqfuhdvlqj qxpehu ri Irxulhu iuhtxhqflhv lv djdlq xvhg/
exw hvwlpdwlrq lv fduulhg rxw ryhu rqo| d ghjhqhudwlqj edqg ri iuhtxhqflhv/
durxqg wkh ruljlq1
Wkh ROV hvwlpdwhv +43, kdyh ehhq zlgho| xvhg lq DU0edvhg dqdo|vlv ri
frlqwhjudwlrq iru UE￿￿ dqg UE2￿ vhulhv 5|c lqlwldoo| dv hvwlpdwhv ri lqwhuhvw
lq wkhpvhoyhv +h1j1 Hqjoh dqg Judqjhu +4<;:,/ Vwrfn +4<;:,, dqg odwwhuo|
dv lqlwldo hvwlpdwhv xvhg wr frpsxwh uhvlgxdov zklfk duh wkhq hpsor|hg lq
surgxflqj hvwlpdwhv ri q zlwk vxshulru surshuwlhv +h1j1 Skloolsv +4<<4d/e,/
Skloolsv dqg Kdqvhq +4<<3,,1 Wkh fodvvlfdo uhjuhvvlrq dvvxpswlrq ri ruwkrj0
rqdolw| ehwzhhq e| dqg %| lq +7, lv qrw lpsrvhg/ exw qhyhuwkhohvv e q6 lv vwloo
frqvlvwhqw ehfdxvh ri wkh dv|pswrwlf grplqdqfh ri e| e| %|Ø
Wklv odfn ri ruwkrjrqdolw| uhvxowv/ krzhyhu/ lq orvv ri frqvlvwhqf| ri ohdvw
vtxduhv zkhq %| lv vwdwlrqdu| +vr _￿ ￿
￿
2c doo ￿￿/ wkh xvxdo vlpxowdqhrxv htxd0
wlrqv eldv uhvxowlqj1 Wklv prwlydwhg wkh ?uvw frqvlghudwlrq ri e q6 xqghu +45,
lq wkh frlqwhjudwlrq vhwwlqj/ e| Urelqvrq +4<<7d,/ zkr vkrzhg wkdw ghvslwh
fruuhodwlrq ehwzhhq wkh vwdwlrqdu| %| dqg e|c e q6 lv frqvlvwhqw iru q gxh wr
wkh grplqdqfh ri wkh vshfwuxp ri %| ryhu wkdw ri e| qhdu }hur iuhtxhqf| +wklv
9lv qrw wkh fdvh xqghu +44,,1 Wkxv e q6 xqghu +45, lv vxshulru wr ROV +43, iru
vwdwlrqdu| revhuydeohv1 Lq sudfwlfh rqh pd| qrw eh vxuh zkhwkhu ru qrw re0
vhuydeohv duh vwdwlrqdu|/ hvshfldoo| lq d iudfwlrqdo frqwh{w zkhuh wkh wudqvlwlrq
ehwzhhq vwdwlrqdulw| dqg qrqvwdwlrqdulw| lv vprrwk1 Wklv sduwo| prwlydwhg
Urelqvrq dqg Pdulqxffl*v +4<<:/4<<<d/e, wkhruhwlfdo vwxg| ri e q6 iru sxuho|
qrqvwdwlrqdu| UE_￿ 5|c dqrwkhu prwlydwlrq ehlqj wkdw/ vlqfh frlqwhjudwlrq dv
glvfxvvhg deryh lv hvvhqwldoo| d orz iuhtxhqf| skhqrphqrq/ lqfoxvlrq ri kljk
iuhtxhqf| frqwulexwlrqv pljkw vhhp xqzduudqwhg1 Lqghhg/ d pdmru whfkqlfdo
irfxv ri wklv zrun zdv dyrlgdqfh ri dvvxpswlrqv rq ehkdylrxu dw iuhtxhqflhv
dzd| iurp }hur/ vr wkdw wkh lqsxw surfhvv +vhh #| lq +5,, lv UEf￿ lq wkh yhu|
jhqhudo vhqvh ghvfulehg qhdu wkh vwduw ri Vhfwlrq 41
Wkh surshuwlhv ri e q6 ghshqg rq wkh lqwhjudwlrq rughuv _￿cØØØc_R3￿ dqg
_ec dqg wkh| dovr ydu| lq d pruh txdolwdwlyh idvklrq ehwzhhq vhyhudo uhjlrqv
ri wkh _￿cØØØc_ R3￿c_ e0vsdfh1 Wr nhhs wkh ghvfulswlrq vlpsoh zh rplw ghwdlohg
uhjxodulw| frqglwlrqv dqg vxssrvh wkdw hdfk ri wkh _￿cØØØc_ R3￿ vdwlv?hv wkh
vdph uhvwulfwlrqv> lq idfw wkh glvfxvvlrq ri Urelqvrq dqg Pdulqxffl +4<<<d,/
zkhuh wkh pdlq irfxv zdv wkh surshuwlhv ri wkh dyhudjhg shulrgrjudp lwvhoi/
zdv frq?qhg wr R ’2 Ø Zh ghqrwh e| e q￿6 wkh ￿0wk hohphqw ri e q6c dqg dvvxph
+45, krogv wkurxjkrxwØ Zh uhsruw rqo| udwhv ri frqyhujhqfh/ wdnlqj f? y_
ßE?￿ wr phdq wkdw ßE?￿3￿f? frqyhujhv lq glvwulexwlrq wr d zhoo0gh?qhg /
qrqghjhqhudwh udqgrp yduldeoh/ vr wkdw wklv lpsolhv f? ’ ￿REßE?￿￿Ø Iru
￿ ’￿ cØØØcR￿ ￿c zh kdyh wkh iroorzlqj fdvhv=
E￿￿ +3Ohvv wkdq xqlw urrw qrqvwdwlrqdulw|4,G _￿ :
￿
2c_ e Ł fc_ ￿ n _e ￿ ￿Ø
e q￿d ?
2 o ￿ q￿ y_ ?





2 Ø _￿ ’￿￿ _e ￿ ￿Ø
e q￿d ?
2 o ￿ q￿ y_ ?
2_e3￿ *L}?c e q￿6 ￿ q￿ y_ ?
2_e3￿ *L}61+ 4 7 ,
+￿￿￿￿ +3UE￿￿*UEf￿ fdvh4, G _￿ ’ ØØØ ’ _R3￿ ’￿ c_ e ’f1
e q￿d ?
2 o ￿ q￿ y_ ?
3￿ c e q￿6 ￿ q￿ y_ ?
3￿ 1+ 4 8 ,
+￿æ￿ +3Juhdwhu wkdq xqlw urrw qrqvwdwlrqdulw|4,=_￿ ’ ØØØ ’ _R3￿ :
￿
2c
_e : f / _￿ n _e : ￿ 1
e q￿d?
2 o ￿ q￿ y_ ?
_e3_￿ c e q￿6 ￿ q￿ y_ ?
_e3_￿ Ø +49,
Wkh olplw udqgrp yduldeohv khuh doo kdyh qrqvwdqgdug glvwulexwlrqv/ ixu0
wkhu ghwdlov ri zklfk fdq eh irxqg lq Urelqvrq dqg Pdulqxffl +4<<<d,/ zkr
hpsor| ixqfwlrqdo olplw wkhru| ri Pdulqxffl dqg Urelqvrq +5333,1 Fdvh E￿￿￿￿
:lv wkh xvxdo UE￿￿*UEf￿ rqh iurp wkh DU0edvhg frlqwhjudwlrq olwhudwxuh/ dqg rxu
suhvhqwdwlrq revfxuhv wkh idfw wkdw IGOV hqmr| vrph 3vhfrqg0rughu eldv4 vx0
shulrulw| ryhu ROV> wklv fdvh lv glvfxvvhg lq juhdwhu ghwdlo e| Pdulqxffl dqg
Urelqvrq +4<<<e,1 +47, lqglfdwhv wkdw wkh ghjhqhudwh IGOV fdq frqyhujh
voljkwo| idvwhu/ ru kdyh d pruh frqfhqwudwhg olplw glvwulexwlrq/ wkdq ROV/
zkloh fdvh E￿￿ ghprqvwudwhv d fohdu0fxw vxshulrulw| lq wkh iruphu dssurdfk>
+49, vkrzv wkdw vr orqj dv dw ohdvw dq duelwudulo| vorzo| lqfuhdvlqj qxpehu 6
ri iuhtxhqflhv lv lqfoxghg/ rplvvlrq ri kljkhu iuhtxhqflhv pdnhv qr gl>huhqfh
dw doo wr olplw glvwulexwlrqdo ehkdylrxu zkhq wkh froohfwlyh phpru| ri wkh
uhjuhvvru dqg wkh frlqwhjudwlqj huuru e| h{fhhgv 41 Wkh uhdvrq zk| rplvvlrq
ri iuhtxhqflhv fdxvhv qr gdpdjh/ dqg hyhq vrph lpsuryhphqw/ lv wkdw rq wkh
rqh kdqg lw holplqdwhv wkh vlpxowdqhrxv htxdwlrq eldv gxh wr wkh rplwwhg
iuhtxhqflhv/ zkloh rq wkh rwkhu/ yduldqfh lv grplqdwhg e| frqwulexwlrqv iurp
orz iuhtxhqflhv/ gxh wr qrqvwdwlrqdulw|1
Zh vkdoo qrw eh frqfhuqhg zlwk wkh srvvlelolw| ri ghwhuplqlvwlf frpsr0
qhqwv/ d vlwxdwlrq glvfxvvhg e| Urelqvrq dqg Pdulqxffl +4<<<e,= wkh uhvxowv
ghvfulehg xqghu fdvhv E￿￿￿E￿æ￿ frqwlqxh wr krog zkhq wkh ghwhuplqlvwlf wuhqgv
duh h>hfwlyho| grplqdwhg e| wkh vwrfkdvwlf rqhv/ zkhuhdv li wkh ghwhuplqlv0
wlf wuhqgv grplqdwh wkhq e q￿6 lv dv|pswrwlfdoo| qrupdo/ wr frqwudvw zlwk wkh
qrqvwdqgdug olplw odzv lq +46,0+49,1
71 VWDWLVWLFDO LQIHUHQFH RQ LQWHJUDWLRQ RUGHUV
Lq ylhz ri Gh?qlwlrq 5/ lqihuhqfh rq lqwhjudwlrq rughuv _￿cØØØc_ Rc_e lv erxqg
wr eh d nh| sduw ri dq| lqyhvwljdwlrq ri iudfwlrqdo frlqwhjudwlrq1 Dv zlwk hv0
wlpdwlrq ri qc vhplsdudphwulf phwkrgv edvhg rq rqo| d ghjhqhudwlqj edqg
ri orz iuhtxhqflhv duh vwuhvvhg1 Vhplsdudphwulf hvwlpdwhv duh urexvw lq wkdw
wkh| dfklhyh frqvlvwhqf| zlwkrxw wkh qhhg iru d sdudphwulf prgho/ plvvshf0
l?fdwlrq ri zklfk fdq fdxvh lqfrqvlvwhqf| ri hvwlpdwhv ri lqwhjudwlrq rughuv1
Rxu iudfwlrqdo gh?qlwlrqv lq Vhfwlrq 5 ghvfuleh rqo| vfdodu vhtxhqfhv/
zkhuhdv zh zloo vrphwlphv eh frqfhuqhg zlwk lqihuhqfh rq lqwhjudwlrq rughuv
iru d yhfwru surfhvv/ dqg wklv uhtxluhv xv wr wklqn lq whupv ri d prgho iru
mrlqwo| ghshqghqw iudfwlrqdo surfhvvhv1 Hvwlpdwlrq ri lqwhjudwlrq rughuv kdv
sulqflsdoo| ehhq ghyhorshg xqghu fryduldqfh vwdwlrqdulw| dvvxpswlrqv/ zklfk
doorz d vshfwudo ghqvlw| wr h{lvw1 Zh zloo glvfxvv wkh wrslf lq wklv vhwwlqj/
ehfdxvh wkh vdph dv|pswrwlf vwdwlvwlfdo surshuwlhv duh olnho| wr krog iru dv0
|pswrwlfdoo| vwdwlrqdu| surfhvvhv +l1h1 _￿
￿
2,/ zkloh sxuho| qrqvwdwlrqdu|
surfhvvhv +vxfk wkdw _ Ł ￿
2, pljkw eh kdqgohg e| lqwhjhu gl>huhqflqj wr sur0
gxfh dw ohdvw dv|pswrwlf fryduldqfh vwdwlrqdulw|/ zkhuhxsrq wkh phwkrgv ri
lqwhjudwlrq rughu hvwlpdwlrq zklfk zh glvfxvv/ mxvwl?hg iru vwdwlrqdu| vhulhv
;e| Urelqvrq +4<<8d/e,/ Oredwr +4<<<,/ fdq eh dssolhg/ dqg wkhq wkh rughu
ri lqwhjhu gl>huhqflqj dgghg edfn1 Qrwlfh wkdw zkhuhdv lq dq DU vhwwlqj lq0
ihuhqfh edvhg rq gl>huhqfhg gdwd fdq eh yhu| lqh!flhqw/ wklv lv qrw wkh fdvh
lq d iudfwlrqdo vhwwlqj/ zkhuh lqghhg uxohv wkdw duh h!flhqw lq wkh fodvvlfdo
vhqvh duh edvhg rq wkh qxoo gl>huhqfhg gdwd/ vhh Urelqvrq +4<<7e,1 Dovr/
?uvw gl>huhqflqj fdwhuv dxwrpdwlfdoo| iru d olqhdu wuhqg dv lw uhgxfhv lw wr d
frqvwdqw/ wr zklfk wkh glvfuhwh Irxulhu wudqvirup +8, hydoxdwhg dw b ’2 Z￿*?/
￿ ’￿ cØØØc?*2 lv lqyduldqw1 Wr hvwlpdwh wkh lqwhjudwlrq rughu _e ri e| zh fdq
dsso| rxu whfkqltxhv zlwk wkh jhqhulf surfhvv 1| glvfxvvhg ehorz uhsuhvhqwlqj
e e| ’ +| ￿ e q
￿
%|c zkhuh e q lv rqh ri wkh hvwlpdwhv ghvfulehg lq Vhfwlrq 61
Frqvlghu d ^ ß ￿ fryduldqfh vwdwlrqdu| yhfwru surfhvv 1|c|’f c￿￿cØØØc




3B&3B￿c dv b $ f
n c +4:,
iru &c￿ ’￿ cØØØc^c zlwk ￿ lqglfdwlqj wkdw wkh udwlr ri uhdo sduwv ri ohiw0 dqg
uljkw0kdqg vlghv/ dqg wkh udwlr ri lpdjlqdu| sduwv ri ohiw0 dqg uljkw0kdqg
vlghv/ erwk whqg wr 4/ dqg ￿
￿
2 ￿B & ￿
￿
2c&’￿ cØØØc^ØWkh pdwul{ C ’E }&￿￿ lv
srvlwlyh gh?qlwh li 1| lv qrw frlqwhjudwhg/ dqg srvlwlyh vhpl0gh?qlwh rwkhuzlvh>
lq dq| fdvh }&& : fc&’￿ cØØØc^Ø
Wzr edvlf dssurdfkhv wr hvwlpdwlrq ri B ’E B￿cØØØcB^￿￿ zloo eh hpsor|hg1
Wkh ?uvw lv wkh orj shulrgrjudp hvwlpdwh ri Jhzhnh dqg Sruwhu0Kxgdn +4<;6,/
mxvwl?hg dv|pswrwlfdoo| e| Urelqvrq +4<<8d, dqg Kxuylfk/ Ghr dqg Eurgvn|
+4<<;,1 Ghqrwh e| U&&Eb￿ wkh &wk gldjrqdo hohphqw ri U11Eb￿c +vhh +9,,1 Iru
lqwhjhu r gh?qh t&￿ ’ *L}EU&&Eb￿￿￿c&’￿ cØØØc^c ￿ ’￿ cØØØcrc zkhuh r￿
d?*2o( r lv d edqgzlgwk sdudphwhu/ vrphzkdw dqdorjrxv wr 6 lqwurgxfhg lq
wkh suhylrxv vhfwlrq/ exw lw pxvw whqg wr 4 zlwk ? qr idvwhu wkdq d udwh
ghwhuplqhg e| wkh vprrwkqhvv ri wkh ixqfwlrqv s&&Eb￿b
2B& dw b ’f Ø Gh?qh












Zh kdyh wkh dssur{lpdwlrqv h B& ￿ øEB&cZ 2*2er￿c&’￿ cØØØc^ +Urelqvrq/
4<<8d,> d Zdog0w|sh whvw ri wkh k|srwkhvlv Mf GÆ B ’ 4c iru d suhvfulehg
￿ ß ^ pdwul{ Æ dqg ￿ ß ￿ yhfwru 4/ lv jlyhq e| uhmhfwlqj wkh qxoo li
i ‘ ’e rEÆh B ￿ 4￿
￿EÆh lÆ
￿￿
3￿EÆh B ￿ 4￿ +4<,
lv vljql?fdqwo| odujh uhodwlyh wr wkh ª2
￿ glvwulexwlrq/ zkhuh h B ’E h B￿cØØØch B^￿￿ dqg
h lc d frqvlvwhqw hvwlpdwh ri wkh olplwlqj yduldqfh ri 2r
￿
2Eh B ￿ B￿c lv gh?qhg e|
Urelqvrq +4<<8d,1 Qrwh wkdw wkhvh dqg rwkhu vhplsdudphwulf hvwlpdwhv ri
<lqwhjudwlrq rughuv duh ohvv0wkdq0?￿*2 0frqvlvwhqw +e| frqwudvw zlwk hvwlpdwhv
ri q iurp qrqvwdwlrqdu| gdwd,/ vr wkdw uholdeoh lqihuhqfh rq wkh B￿ uhtxluh d
odujh hqrxjk vdpsoh1
Lq fdvh uhvwulfwlrqv lq wkh B& duh ghwhfwhg/ pruh h!flhqw hvwlpdwhv duh
dydlodeoh/ djdlq rq wkh olqhv ri Urelqvrq +4<<8d,1 Dvvxph lw kdv ehhq hvwde0
olvkhg wkdw B￿ ’ ØØØ ’ B^c d q gz hz l v kw rh v w l p d w hw k hf r p p r qy d o x hBWØ Zh
frqvlghu wkh JOV0w|sh hvwlpdwh
















vr d Zdog whvw wkdw BW wdnhv rq d sduwlfxodu ydoxh fdq uhdglo| eh frqgxfwhg1
Wkh h!flhqf| ri h Bch BW lv lqihulru wr dqrwkhu fodvv ri vhplsdudphwulf hvwl0
pdwhv/ wkh qduurz0edqg Jdxvvldq ru Zklwwoh hvwlpdwh/ lqwurgxfhg e| N￿qvfk
+4<;:, dqg ghyhorshg e| Urelqvrq +4<<8e,/ Oredwr +4<<<,1 Wklv hvvhqwldoo|
rswlpl}hv dq dssur{lpdwh irup ri Jdxvvldq olnholkrrg/ exw h{whqglqj rqo|

















dqg hvwlpdwhv B& ’@ h } 4 ￿ ? E -&EB&￿￿c iru & ’￿ cØØØc^c plqlpl}lqj ryhu d




2￿c wr lpsrvh vwdwlrqdulw| dqg lqyhuwlelo0
lw|1 Wkhq/ lqglylgxdoo|/ zh kdyh wkh dssur{lpdwlrq B& ￿ øEB&cEer￿3￿￿c&’
￿cØØØc^c vr wkh B& duh pruh h!flhqw wkdq wkh h B& +Urelqvrq/ 4<<8e,Ø Di x u w k h u
























Wkhq gh?qh e B ’ @h}4￿?-EB￿c plqlpl}lqj ryhu d frpsdfw vxevhw ri E￿￿
2c ￿
2￿^1
Xqolnh h B dqg h BWc wkh B& dqg e B duh qrw gh?q h gl qf o r v h gi r u p 1 K r z h y h u /
frpphqflqj iurp dq lqlwldo r￿*20frqvlvwhqw hvwlpdwh/ dq hvwlpdwh zlwk lghq0
wlfdo dv|pswrwlf h!flhqf| lv dfklhyhg e| d vlqjoh dssur{lpdwh Qhzwrq vwhs>
ixuwkhu vxfk vwhsv r>hu qr ixuwkhu ?uvw rughu h!flhqf| lpsuryhphqw/ wkrxjk
43wkh| pd| lpsuryh kljkhu rughu h!flhqf| +vhh Urelqvrq/ 4<;;,1 Frqvlghulqj
rqo| e Bc wr ghvfuleh wkh +æ n￿ ￿ wk vwhs lq vxfk d surfhgxuh/ æ Ł fc ghqrwh e|
e B
dæo







2EU^ n e C








zkhuh 3￿￿ ghqrwhv Kdgdpdug surgxfw dqg e Cdæo ’ e CEe B
dæo
￿c zkhuh e CEB￿’
r3￿ Sr
￿’￿ ł￿EB￿Ø Wkh pdwul{ lq eudfhv lq +56, lv d vlpsoh frqvlvwhqw hvwlpdwh ri
wkh suredelolw| olplw ri Y2-Ee B
dæo
￿*YBYB
￿( qrwh wkdw 2EU^n e Cdæo￿ e Cdæo3￿
￿ uhgxfhv
w r7z k h q^ ’￿ Ø D srvvleoh fkrlfh iru e B
dfo
lv h Bc vlqfh wkh odwwhu hvwlpdwh lv
olnh e Bc r￿*20frqvlvwhqw/ wkrxjk lw lv ohvv h!flhqw1 Zh vwuhvv wkdw wkh ghvludeoh
surshuwlhv ghvfulehg deryh dvvxph qr frlqwhjudwlrq zkhq 1| lv d yhfwru/ exw
dv ehiruh dsso| wr lqglylgxdo hohphqwv ri 1| zkhq lw lv frlqwhjudwhg1
D ?qdo h!flhqf| lpsuryhphqw lv dydlodeoh li dq| ds u l r u luhvwulfwlrqv













dqg e BW ’ @h}4￿?-WEB￿Ø Htxdo h!flhqf| lv dfklhyhg e| wkh hvwlpdwhv
e B
dæn￿o









cæŁ f c +58,
jlyhq dq lqlwldo r￿*20frqvlvwhqw e B
dfo
W +vxfk dv e BW￿Ø
Zdog whvwv edvhg rq Bc e Bc e BW dqg wkh fruuhvsrqglqj Qhzwrq vwhsv duh
dydlodeoh> iru h{dpsoh/ xqghu wkh qxoo k|srwkhvlv ÆB ’ 4/ wkh vwdwlvwlf
f ‘ÆB’4 ’E Æ e B ￿ 4￿
￿
q




EÆh B ￿ 4￿ c +59,
kdv d olplwlqj ª2
￿ glvwulexwlrq1 Olnhzlvh/ d whvw rq BW fdq eh edvhg rq wkh
dssur{lpdwlrq e BW ￿ øEBWcEe^r￿3￿￿Ø Wkh remhfwlyh ixqfwlrqv +54,/ +55, dqg
+57, vxjjhvw dovr wkh xvh ri whvwv edvhg rq wkh Odjudqjh Pxowlsolhu +OP, dqg
Olnholkrrg udwlr +OU, sulqflsohv1 Lq idfw/ dq OP0w|sh whvw ri B￿ ’ ØØØ ’ B^ ’f c
djdlqvw d vrphzkdw gl>huhqw dowhuqdwlyh wkdq +4:,/ zdv sursrvhg e| Oredwr
dqg Urelqvrq +4<<;,/ zkloh dq OU w|sh whvw lq fdvh ^ ’￿zdv sursrvhg e|












44zkhuh e Bf plqlpl}hv -EB￿ vxemhfw wr ÆB ’ 4/ ru hovh lv d Qhzwrq dssur{lpd0
wlrq wr wklv/ frpsxwhg dorqj wkh olqhv ghvfulehg deryh1 Wkhq/ iurp dv|ps0
wrwlf wkhru| ri Urelqvrq +4<<8e,/ Oredwr +4<<9,/ +5:, kdv d olplwlqj qxoo ª2
￿







dqg kdv d olplwlqj qxoo ª2
￿ glvwulexwlrq1 OU0w|sh vwdwlvwlfv iru whvwlqj Mf G
ÆB ’ 4 dqg Mf G BW ’ BWf duh uhvshfwlyho|
u-ÆB’4 ’2 r
q
-Ee Bf￿ ￿ -Ee B￿
r
cu - BW’BWf ’2 r
q
-WEe BWf￿ ￿ -Ee BW￿
r
c +5<,
dqg kdyh dv|pswrwlf qxoo ª2
￿ dqg ª2
￿ glvwulexwlrqv/ uhvshfwlyho|1
Zh qrz frqvlghu wkh sureohp ri whvwlqj iru wkh suhvhqfh/ ru devhqfh/ ri
frlqwhjudwlrq/ jlyhq wkdw zh kdyh hvwdeolvkhg iurp wkh surfhgxuhv ghvfulehg
deryh wkdw dw ohdvw wzr revhuydeohv kdyh wkh vdph lqwhjudwlrq rughu1 Urelq0
vrq dqg \dmlpd +5333, frqvlghu dq dssurdfk iru ghwhuplqlqj iudfwlrqdo frlq0
whjudwlqj udqn lq d jhqhudo yhfwru frqwh{w wkdw uhtxluhv lqwurgxfwlrq ri dq
dgglwlrqdo xvhu0fkrvhq wxqlqj qxpehu1 Rxu suhvhqw dssurdfk grhv qrw exw /
iru vlpsolflw| ri h{srvlwlrq/ dqg ehfdxvh lw vx!fhv iru wkh hpslulfdo h{dpsohv
ri wkh iroorzlqj vhfwlrq/ zh irfxv rq d elyduldwh revhuydeoh/ vr R ’2 c dqg
dw prvw rqh frlqwhjudwlqj uhodwlrq fdq h{lvw1 Zh suhvhqw d whvw iru wkh qxoo
k|srwkhvlv ri qr frlqwhjudwlrq edvhg rq wkh vdph sulqflsoh dv wkdw hpsor|hg
e| Kdxvpdq +4<:;, lq rwkhu vhwwlqjv1 Zh gr qrw surylgh uljrurxv wkhruhwlfdo
vxssruw/ exw lq dgglwlrq wr xvlqj lw lq rxu hpslulfdo h{dpsohv zh zloo uhsruw
Prqwh Fduor h{shulphqwv wkdw lqyhvwljdwh lwv ydolglw| dqg srzhu1 Frqvlghu
djdlq wkh vhw0xs ri Vhfwlrq 7/ zlwk R ’2 1 Irfxvlqj rq wkh Jdxvvldq ds0
surdfk/ xqghu wkh qhfhvvdu| frqglwlrq B￿ ’ B2 ’ BW iru frlqwhjudwlrq/ zlwk BW
xqvshfl?hg/ uhfdoo wkdw wkh xqlyduldwh hvwlpdwhv EB￿cB2￿ frqvlvwhqwo| hvwlpdwh
EB￿cB 2￿’E BWcBW￿Ø Krzhyhu/ erwk B￿ dqg B2 duh ohvv h!flhqw dv|pswrwlfdoo|
wkdq wkh uhvwulfwhg hvwlpdwh e BW zkhq B￿ ’ B2 dqg C lv srvlwlyh gh?qlwh/ vr
wkhuh lv qr frlqwhjudwlrq1 Rq wkh rwkhu kdqg/ li 1| lv frlqwhjudwhg/ lw dsshduv
wkdw e BW lv lqfrqvlvwhqw iru BW( wkh ruljlqdo Jdxvvldq remhfwlyh ixqfwlrq lv qrw
zhoo0gh?qhg zkhq C lv vlqjxodu/ dqg vr wkhuh lv qr edvlv iru frqvlghulqj wkh
frqfhqwudwhg irup +57, dv dq remhfwlyh ixqfwlrq lq wkh ?uvw sodfh1 Zh fdq
wkxv whvw iru qr frlqwhjudwlrq lqgluhfwo|/ frpsdulqj e BW zlwk/ vd|/ B￿1E h f d x v h
B￿ kdv dv|pswrwlf yduldqfh ￿*er/z k l o he BW kdv dv|pswrwlf yduldqfh ￿*Hr xq0
ghu _ ’ _e/ lw iroorzv e| dq dujxphqw dorqj wkh olqhv ri Kdxvpdq +4<:;, wkdw
e BW ￿ B￿ kdv dv|pswrwlf yduldqfh ￿*er￿￿*Hr ’￿ *Hrc dqg wkhq surfhhglqj dv
45lq Urelqvrq +4<<8e,/









$ f 1+ 6 3 ,
Wklv dujxphqw lv khxulvwlf exw vhhpv vx!flhqwo| frqylqflqj iru wkh whvw wr
zduudqw vhulrxv frqvlghudwlrq1
81 HPSLULFDO H[DPSOHV
Rxu hpslulfdo zrun hpsor|v pdfurhfrqrplf gdwd ri Hqjoh dqg Judqjhu
+4<;:, +frqvxpswlrq dqg lqfrph/ txduwhuo| gdwd/ 4<7:T404<;4T5, dqg Fdps0
ehoo dqg Vkloohu +4<;:, +vwrfn sulfhv dqg glylghqgv/ dqqxdo gdwd/ 4;:404<;9,
Iru hdfk elyduldwh vhulhv/ ghqrwh e| + w k hy d u l d e o hf k r v h qw re h3ghshqghqw4
dqg e| % wkh 3lqghshqghqw4 rqh lq rxu gh?qlwlrq ri frlqwhjudwlrq/ dqg e| _+/
_% wkh uhvshfwlyh lqwhjudwlrq rughuv1 Rxu uhvxowv/ edvhg rq wkh phwkrgrorj|
ghvfulehg lq Vhfwlrqv 6 dqg 7/ duh suhvhqwhg lq wkuhh vwhsv1
4, Phpru| ri udz gdwd
Zh hvwlpdwhg _%c_ + e| vxssrvlqj wkdw erwk olh ehwzhhq ￿*2 dqg ￿*2/ ?uvw0
gl>huhqflqj wkh % dqg + vhulhv/ dsso|lqj surfhgxuhv ri Vhfwlrq 7 wr hvwlpdwh
B% ’ _% ￿ ￿ dqg B+ ’ _+ ￿ ￿c d q gw k h qd g g l q j4 1 D vp r w l y d w h gl qV h f w l r q
7/ zh frpsxwhg xqlyduldwh orj0shulrgrjudp +h B%ch B+￿ dqg Jdxvvldq +_%c_+￿
hvwlpdwhv> elyduldwh/ xquhvwulfwhg Jdxvvldq hvwlpdwhv e _%c e _+( elyduldwh/ orj0
shulrgrjudp +h _W￿ dqg Jdxvvldq +e _W￿ hvwlpdwhv ri d frpprq _% ’ _+Ø
Zh uhsruw wkh hvwlpdwhv lq Wdeohv 4 dqg 51 Iru doo exw wkh xqlyduldwh orj0
shulrgrjudp hvwlpdwhv zh uhsruw dovr dssur{lpdwh <8( frq?ghqfh lqwhuydov
+ghqrwhg ￿U lq wkh wdeohv, edvhg rq wkh +qrupdo, dv|pswrwlf glvwulexwlrq
wkhru| ghyhorshg e| Urelqvrq +4<<8d/e,/ Oredwr +4<<9/4<<<,1 Lq rughu wr
mxgjh vhqvlwlylw| wr fkrlfh ri edqgzlgwk rc zh fkrvh d julg ri wkuhh ydoxhv iru
hdfk gdwd vhw dqdo|}hg1
Jdxvvldq hvwlpdwhv zhuh dssur{lpdwhg e| wkh Qhzwrq vwhsv ghvfulehg lq
Vhfwlrq 7/ lwhudwlqj xqwlo frqyhujhqfh wr 8 ghflpdo sodfhv1 Lq wkh xqlyduldwh
dqg frqvwudlqhg fdvhv wkh remhfwlyh ixqfwlrq lv joredoo| frqfdyh/ dv vkrzq
iru wkh xqlyduldwh fdvh e| dssolfdwlrq ri wkh Fdxfk| lqhtxdolw| wr +716, ri
Urelqvrq +4<<8e,/ dqg wkh yhuvlrq ri Qhzwrq lwhudwlrq hpsor|hg jxdudqwhhv
hyhqwxdo frqyhujhqfh lq vxfk flufxpvwdqfhv1 Rq wkh rwkhu kdqg/ iru rqh
gdwd vhw +frqvxpswlrq dqg lqfrph, zh irxqg odfn ri frqyhujhqfh ri wkh
xqfrqvwudlqhg elyduldwh Qhzwrq vwhs surfhgxuhv iru wkh vpdoohvw r/ r ’2 2 (
wklv pd| eh gxh wr wkh suhvhqfh ri frlqwhjudwlrq/ dv dujxhg lq Vhfwlrq 7/ ru
frxog lqvwhdg eh gxh wr srru prgho ?w1 Zh rplw wkh fruuhvsrqglqj uhvxowv
iurp Wdeoh 4/ dqg rqhv ghshqghqw rq wkrvh fdvhv lq vxevhtxhqw wdeohv1 Wkh
46xqlyduldwh hvwlpdwhv duh frqvlvwhqw erwk xqghu frlqwhjudwlrq dqg xqghu qr0
frlqwhjudwlrq/ dqg wkh| whqg wr surgxfh yhu| forvh hvwlpdwhv iru d jlyhq r>
frq?ghqfh lqwhuydov dozd|v uhihu wr hvwlpdwhv wr wkhlu lpphgldwh ohiw1
Dowkrxjk rqo| _% ’ _+ lv qhfhvvdu| iru frlqwhjudwlrq lq rxu iudfwlrqdo
dssurdfk/ wr frpso| zlwk wudglwlrq zh ?uvw whvw _% ’ _+ ’￿ /w k d wl vB% ’
B+ ’f (qrwh wkdw wklv fdvh rffxslhv d vhw ri phdvxuh }hur lq wkh iudfwlrqdo
grpdlqØ Zh hpsor| +vhh Wdeoh 6, f ‘ÆB’4 dqg u￿ÆB’4/z l w kÆ’U2 dqg
4 ’E f cf￿￿c vr wkdw e B ’E f cf￿￿ lq +5:,/ ghqrwlqj wklv yhuvlrq ri +5:, e| u￿E2￿
lq wkh wdeohv/ dv zhoo dv u-BW’BWf zlwk BWf ’f Ø Ehfdxvh wkhvh surfhgxuhv/
edvhg rq wkh elyduldwh vhulhv/ duh oldeoh wr eh lqydolg xqghu frlqwhjudwlrq/
zh dovr xvhg xqlyduldwh yhuvlrqv ri u￿ÆB’4c zlwk Æ’￿ c4’f c rq hdfk





Wkh 8( dqg 4( ª2
2 fulwlfdo ydoxhv iru ‘ÆB’4 dqg u￿E2￿ duh 81<< dqg <154/





dqg 91961 Zh xvhg wkh vdph ydoxhv ri r dv lq Wdeohv 4051
Joredoo|/ zh idlo wr uhmhfw wkh UE￿￿ qxoo lq doo 48 fdvhv iru frqvxpswlrq
dqg lqfrph> wkh hylghqfh surylghg e| vwrfn sulfhv dqg glylghqgv lv pl{hg/
zlwk 7 uhmhfwlrqv rxw ri 48 dw 8(1
Zh qrz dedqgrq wkh xqlw urrw qxoo wr irfxv rq wkh uhvwulfwlrq _% ’ _+/
zkrvh ydoxh lv xqnqrzq xqghu wkh qxoo1 Zh uhsruw lq Wdeoh 7 wkh vwdwlvwlfv
i ‘cf ‘ÆB’4cu - ÆB’4 dqg u￿ÆB’4c zkhuh Æ’E ￿ c￿￿￿￿c4’f / frpsdulqj zlwk
ª2
￿ fulwlfdo ydoxhv=
Vlqfh wkh qxoo _% ’ _+ qhvwv wkh mrlqw UE￿￿ dvvxpswlrq/ lw lv qrw vxusulvlqj
wkdw zh idlo wr uhmhfw lq doo 45 fdvhv iru frqvxpswlrq dqg lqfrph> wkhuh lv dovr
hylghqfh wkdw vwrfn sulfhv dqg glylghqgv vkduh wkh vdph/ srvvleo| qrq0xqlw/
lqwhjudwlrq rughu1
5, Frlqwhjudwlqj uhjuhvvlrq hvwlpdwhv dqg gldjqrvwlfv
47Wdeoh 8 frqwdlqv ROV dv zhoo dv/ iru wkuhh rwkhu ydoxhv ri 6/I G O V ( wkh
ydoxhv ri 6 xvhg +6/7 dqg 9, duh pxfk vpdoohu wkdq wkh edqgzlgwkv r xvhg lq
lqihuhqfh rq _% dqg _+ gxh wr wkh dqwlflsdwlrq ri qrqvwdwlrqdulw| lq wkh udz
gdwd> iru vwdwlrqdu| %|c+ | rswlpdo uxohv ri edqgzlgwk fkrlfh zrxog ohdg wr 6




e 8%%E￿cdE? ￿ 2￿*2o￿
/ o%+c6 ’
e 8%+E￿c6￿
e 8%+E￿cdE? ￿ 2￿*2o￿
c +64,
wkhlu forvhqhvv wr xqlw| ehlqj dq lqglfdwru ri vxssruw iru wkh edvlf udwlrqdoh
ehklqg rxu dssurdfk/ wkdw vdpsoh yduldelolw| hyhqwxdoo| frqfhqwudwhv dw }hur
iuhtxhqf| iru qrqvwdwlrqdu| surfhvvhv +wkrxjk qrwh wkdw o%+c6 qhhg qrw olh lq
dfc￿o1,
6, Phpru| ri frlqwhjudwlqj huuru
Zh frpsxwhg vhyhudo hvwlpdwhv ri _eØ Lq Wdeoh 9 zh uhsruw h _e dqg e _e/
wkh orj0shulrgrjudp dqg Jdxvvldq hvwlpdwhv ri +l, dqg +lll, deryh/ xvlqj ?uvw
gl>huhqfhv ri wkh uhvlgxdov dqg wkhq dgglqj xqlw|1 Krzhyhu/ lq fdvh wkhuh
lv frlqwhjudwlrq/ qrqvwdwlrqdu| e| vhhp udwkhu xqolnho| ds u l r u llq rxu vhulhv/
dqg vr zh dovr uhsruw/ lq Wdeoh :/ fruuhvsrqglqj hvwlpdwhv ri _e edvhg vlpso|
rq udz gdwd dqg zlwkrxw dgglwlrq1 Dovr zh uhsruw <8( frq?ghqfh lqwhuydov
edvhg rq wkh dv|pswrwlf wkhru| ri Urelqvrq +4<<8d/e,/ wkrxjk vwulfwo| wklv
kdv qrw ehhq mxvwl?hg lq fdvh ri wkh uhvlgxdov e e|>z hf r q m h f w x u hw k d wd v | p s 0
wrwlf glvwulexwlrqv duh xqd>hfwhg e| wkh suhvhqfh ri hvwlpdwhg sdudphwhuv/
dw ohdvw zkhq IGOV duh pruh0wkdq0?￿*20frqvlvwhqw/ dv lv riwhq wkh fdvh xqghu
qrqvwdwlrqdulw|/ vhh +46,2+49,1
Whvwv zhuh dovr frqgxfwhg lq rughu wr pruh gluhfwo| lqyhvwljdwh wkh srvvl0
elolw| ri frlqwhjudwlrq1 Zh ehjlq e| djdlq fdwhulqj wr wkh uhdghu vfkrrohg lq
wudglwlrqdo frlqwhjudwlrq dqdo|vlv e| whvwlqj UE￿￿ dqg UEf￿ k|srwkhvhv/ doehlw
djdlqvw iudfwlrqdo dowhuqdwlyhv1 Wdeoh ; uhsruwv xqlyduldwh u￿ vwdwlvwlfv +5:,
edvhg rq uhvlgxdov iru whvwlqj _e ’￿dqg _e ’f c wkhvh ehlqj htxlydohqw
uhvshfwlyho| wr qr0frlqwhjudwlrq dqg frlqwhjudwlrq lq dq DU vhw0xs1 Lw lv qr0
wdeoh/ wkhq/ wkdw wkh UEf￿ qxoo iru e| lv uhmhfwhg rq doo rffdvlrqv1 Ilqdoo| wkh
48Kdxvpdq whvw ri Vhfwlrq 7 zdv dovr hpsor|hg1 Ehfdxvh rxu vwuhvv rq whvwlqj
hvwlpdwhv ri B￿ lq Vhfwlrq 7 zdv duelwudu|/ zh uhsruw lq Wdeoh ; qrw rqo| M%r
exw dovr M+rc vhh +63,Ø
Zh qrz glvfxvv wkh lpsolfdwlrqv ri wkh wdeohv iru rxu wzr sdluv ri hpslulfdo
vhulhv1
d, Iru frqvxpswlrq E+￿ dqg lqfrph E%￿cHqjoh dqg Judqjhu +4<;:, irxqg hy0
lghqfh ri ￿UE￿￿ frlqwhjudwlrq1 Wdeoh 4 vxjjhvwv dq lqwhjudwlrq rughu
yhu| forvh wr rqh iru erwk yduldeohv/ wkh hvwlpdwhv udqjlqj iurp 1;< wr
413; iru lqfrph dqg iurp 1;< wr 4146 iru frqvxpswlrq1 Wkh k|srwkhvlv
_% ’ _+ fdq vdiho| qrw eh uhmhfwhg dv wkh whvw vwdwlvwlfv duh dw prvw
41391 Wkh e q6 duh derxw 1565/ zklfk lv forvh wr ROV +155<,1 Yduldelolw|
frqfhqwudwhv udslgo| durxqg iuhtxhqf| }hur/ ;814( ri wkh yduldqfh ri
lqfrph ehlqj dffrxqwhg iru e| wkh wkuhh vpdoohvw shulrgrjudp rugl0
qdwhv/ ohvv wkdq 8( ri wkh wrwdo1 Wklv sursruwlrq ulvhv wr <519( iru
6 ’9 iuhtxhqflhv/ dqg lv hyhq juhdwhu iru wkh furvv0shulrgrjudp/ frq0
?uplqj wkh kljk frkhuhqf| ri wkh wzr vhulhv dw orz iuhtxhqflhv1 Wkh
uhvlgxdo gldjqrvwlfv duh ohvv fohdu0fxw/ exw lq rqo| rqh fdvh rxw ri 45
grhv wkh frq?ghqfh lqwhuydo iru _e lqfoxgh }hur/ surylglqj vwurqj hyl0
ghqfh djdlqvw zhdn ghshqghqfh> olnhzlvh/ wkh u￿ whvw iru UEf￿ lv dozd|v
vljql?fdqw dw 8(1 Wkh hvwlpdwhv ri _e ydu| txlwh qrwlfhdeo| zlwk r dqg
wkh surfhgxuh dgrswhg/ udqjlqj iurp 14< wr 1;:1 Wkh Kdxvpdq whvw
iru qr frlqwhjudwlrq uhmhfwv lq wzr rxw ri vl{ fdvhv1 Ryhudoo/ lw vhhpv
wkh UE￿￿*UEf￿ iudphzrun fdq surgxfh d vdwlvidfwru| dssur{lpdwlrq iru
wkh ehkdylrxu ri wkh udz vhulhv/ exw qrw vr iru frlqwhjudwlqj uhvlgxdov1
Qrwh wkdw wkhvh gdwd duh vhdvrqdoo| dgmxvwhg/ exw ehfdxvh lq wklv sd0
shu zh xvh rqo| orfdo0wr0}hur iuhtxhqf| dvvxpswlrqv rq wkh ehkdylrxu
ri wkh vshfwudo ghqvlw|/ vhdvrqdo dgmxvwphqw surfhgxuhv kdyh qr h>hfw
dv|pswrwlfdoo|1
e, Wkh lghd wkdw vwrfn sulfhv E+￿ dqg glylghqgv E%￿ pljkw eh frlqwhjudwhg
iroorzv pdlqo| iurp d suhvhqw ydoxh prgho/ zklfk dvvhuwv wkdw dq dv0
vhw sulfh lv olqhdu lq wkh suhvhqw glvfrxqwhg ydoxh ri ixwxuh glylghqgv/
+| ’ wE￿ ￿ B￿
S"
￿’fB
￿.|E%|n￿￿nS/z k h u hB lv wkh glvfrxqw idfwru> vhh
Fdpsehoo dqg Vkloohu +4<;:,1 Lq Wdeoh 5/ wkh hvwlpdwhv ri _%c_ + dsshdu
forvh wr xqlw|/ dowkrxjk qrz wkh k|srwkhvlv wkdw glylghqgv duh phdq0
uhyhuwlqj +_% ￿ ￿, dsshduv wr eh vxssruwhg1 Wkh vwdwlvwlfv iru whvwlqj
_% ’ _+ duh dozd|v pdqlihvwo| lqvljql?fdqw> wkh hylghqfh rq wkh xqlw
49urrw dvvxpswlrq lv pruh dpeljxrxv/ zlwk 7 uhmhfwlrqv rxw ri 45 fdvhv1
Hpslulfdo hylghqfh ri frlqwhjudwlrq lv zhdn> wkh hvwlpdwhv ri _e udqjh
iurp 18: wr 1::> wkh Kdxvpdq whvw ri qr frlqwhjudwlrq uhmhfwv lq wkuhh
rxw ri vl{ fdvhv1 Wkh uhvxowv ri Fdpsehoo dqg Vkloohu rq wklv gdwd vhw
zhuh/ lq wkhlu rzq zrugv/ lqfrqfoxvlyh> rxu ?qglqjv duh srvvleo| forvhu
wr wkrvh ri Skloolsv dqg Rxoldulv +4<;;,/ zkr zhuh xqdeoh wr uhmhfw wkh
qxoo ri qr frlqwhjudwlrq dw wkh 43( ohyho1
91 PRQWH FDUOR HYLGHQFH
Wr frpsduh wkh shuirupdqfh ri yhuvlrqv ri IGOV zlwk ROV lq prghudwh
vdpsoh vl}hv d vpdoo Prqwh Fduor vwxg| zdv frqgxfwhg1 Ohw ￿| ’E ￿￿|c￿ 2|￿￿
eh d vhtxhqfh ri lqghshqghqw elyduldwh qrupdo yduldwhv vxfk wkdw ￿￿| dqg ￿2|
kdyh }hur phdq/ xqlw yduldqfh/ dqg fruuhodwlrq 3181 Zh frqvlghu wkh prgho
+| ’ q%| n e| cq’2c +65,
%| ’{
3_% i￿￿|￿E|:f￿j ce | ’{
3_e i￿2|￿E|:f￿j Ø +66,
Lq whupv ri fdvhv +l,0+ly, ri Vhfwlrq 6/ zh lqfoxgh wkuhh yhuvlrqv ri fdvh +l,
EE_ec_ %￿’E f cØH￿cEØ2cØD￿cEØecØD￿￿c rqh ri fdvh +ll, EE_ec_ %￿’E Ø2cØH￿￿ dqg irxu
ri fdvh +ly, EE_ec_ %￿’E f c￿Ø2￿cEØ2c￿Ø2￿cEØecØH￿cEØec￿Ø2￿￿c dorqjzlwk E_ec_ %￿’
EfcØD￿ zklfk lv h{foxghg iurp wkh glvfxvvlrq ri Vhfwlrq 6 exw li ri lqwhuhvw
dv %| lv rq wkh vwdwlrqdu|2qrqvwdwlrqdu| erxqgdu|1 Zh h{foxghg fdvh +lll, dv
wklv zdv h{dplqhg lq ghwdlo e| Pdulqxffl dqg Urelqvrq +4<<<e,1
Zh jhqhudwhg vhulhv ri ohqjwkv ? ’S e c￿2H/ iru hdfk ri zklfk zh frpsxwhg
e q6 iru wkuhh ydoxhv ri 6 GE 6￿c6 2c6 ￿￿’E ￿ cecD￿c +￿cecS￿ dqg EScHc￿f￿/
uhvshfwlyho|/ dv zhoo dv e qd?
2 oØ Wdeohv < dqg 43 uhsruw Prqwh Fduor eldv dqg
phdq vtxduhg huuru +PVH, dfurvv 8333 uhsolfdwlrqv1 ROV lv dozd|v ehdwhq e|
IGOV> wr ehdu rxw uhpdunv lq Vhfwlrq 6/ wkh uhodwlyh lpsuryhphqw ryhu ROV
vhhpv juhdwhvw ryhudoo lq fdvhv +l, dqg +ll,/ zkloh prvwo| wkh fkrlfh ri 6 lq
IGOV vhhpv wr pdnh olwwoh gl>huhqfh/ wkrxjk lw lv vwulnlqj wkdw e q6c xvlqj wkh
vpdoohvw 6c l vr i w h qe h v wh y h ql qP V H 1L wl vl p s r u w d q ww rv w u h v vw k d wI G O Vl v
xqolnho| wr eh wkh ehvw dssurdfk iru hvwlpdwlqj qØ Lq UE￿￿*UEf￿ frlqwhjudwlrq
dqdo|vlv/ ixoo| prgl?hg dqg v|vwhp hvwlpdwhv fdq ohdg wr juhdwhu h!flhqf|
dqg vwdqgdug dv|pswrwlfv +Skloolsv +4<<4d/e,/ Skloolsv dqg Kdqvhq +4<<3,,/
exw zkloh zrun lv xqghuzd| wr h{whqg vxfk lghdv wr rxu vhwwlqj wklv lv d
kljko| fkdoohqjlqj wdvn zkhq lqwhjudwlrq rughuv duh xqnqrzq/ dqg lq dq|
fdvh suholplqdu| hvwlpdwhv ri q zloo vwloo eh qhhghg dqg wkh fdsdflw| ri IGOV
4:wr lpsuryh rq ROV khuh lv vwloo dq dgydqwdjh1 Fhuwdlqo|/ zkloh eldvhv vwloo
uhpdlq kljk lq pdq| fdvhv xqghu IGOV/ rxu h{shulphqw vkrzv wkdw zh fdq
gr ehwwhu zlwk IGOV wkdq ROV/ lq whupv qrw rqo| ri eldv exw PVH iru d
udqjh ri edqgzlgwkv1
Lq d suhylrxv/ h{whqghg/ yhuvlrq ri wkh sdshu zh lqfoxghg dovr Prqwh
Fduor lqirupdwlrq +dydlodeoh xsrq uhtxhvw, rq wkh surfhgxuhv ri Vhfwlrq 7 iru
whvwlqj lqwhjudwlrq rughuv ri udz gdwd1 Lq vkruw/ u-0w|sh surfhgxuhv hqmr|
vrph vxshulrulw| lq whupv ri hpslulfdo vl}h/ dv lv frqvlvwhqw zlwk wkh h{lvwlqj
olwhudwxuh rq kljkhu rughu dv|pswrwlfv iru wkhvh whvwv lq rwkhu vhwwlqjv1
Ilqdoo| zh frqvlghu wkh shuirupdqfh ri wkh Kdxvpdq whvw1 4333 vhulhv
ri ohqjwkv ? ’S e c￿2Hc2DS zhuh jhqhudwhg dffruglqj wr +65266,> wkh qxoo ri
qr0frlqwhjudwlrq lv lghqwl?hg e| _e ’ _%1 Wkh whvw lv edvhg xsrq frpsdulvrq
ri e B% dqg e BWc zkhuh erwk hvwlpdwhv duh hydoxdwhg rq gl>huhqfhg gdwd> srzhu
dqg vl}h uhihu wr 8( fulwlfdo ydoxhv1 Zh frqvlghuhg _% ’ ØHc￿Ø2 dqg _e ’
ØfcØ2cØec_ %/d q gd o v rw k hUE￿￿*UEf￿ fdvh _% ’￿ c_ e ’f c￿1 Hpslulfdo vl}h dqg
srzhu duh uhsruwhg lq Wdeoh 441
Vl}hv duh odujhu wkdq rqh pljkw olnh/ exw qrw xqvdwlvidfwru|/ dqg wkh|
lpsuryh zlwk lqfuhdvlqj ?c dv gr wkh srzhuv/ zklfk dovr qrwlfhdeo| lqfuhdvh
zlwk _% ￿ _e( iru h{dpsoh/ lq wkh UE￿￿*UEf￿ fdvh zlwk ? ’ ￿2H dqg r ’e f c
wkh vl}h xqghu wkh qxoo lv voljkwo| deryh 43( zkhuhdv wkh srzhu h{fhhgv ;3(1
4;UHIHUHQFHV
Fdpsehoo/ M1\1 dqg U1M1 Vkloohu +4<;:,/ Frlqwhjudwlrq dqg Whvwv ri Suhvhqw
Ydoxh Prghov/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <8/ 4395043;<1
Fkdq/ Q1K1 dqg Q1 Whuulq +4<<8,/ Lqihuhqfh iru Xqvwdeoh Orqj0Phpru|
Surfhvvhv zlwk Dssolfdwlrqv wr Iudfwlrqdo Xqlw Urrw Dxwruhjuhvvlrqv/
Dqqdov ri Vwdwlvwlfv/ 56/ 4995049;61
Hqjoh/ U1 +4<:7,/ Edqg Vshfwuxp Uhjuhvvlrq/ Lqwhuqdwlrqdo Hfrqrplf Uh0
ylhz/ 48/ 40441
Hqjoh/ U1 dqg F1 Judqjhu +4<;:,/ Frlqwhjudwlrq dqg Huuru Fruuhfwlrq= Uhs0
uhvhqwdwlrq/ Hvwlpdwlrq dqg Whvwlqj/ Hfrqrphwulfd/ 88/ 58405:91
Ir{/ U1 dqg P1V1Wdttx +4<;9,/ Odujh0Vdpsoh Surshuwlhv ri Sdudphwhu Hvwl0
pdwhv iru Vwurqjo| Ghshqghqw Vwdwlrqdu| Jdxvvldq Wlph Vhulhv/ Dqqdov
ri Vwdwlvwlfv/ 47/ 84:0865
Jhzhnh/ M1 dqg V1 Sruwhu0Kxgdn +4<;6,/ Wkh Hvwlpdwlrq dqg Dssolfdwlrq
ri Orqj Phpru| Wlph Vhulhv Prghov/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/
7/ 554056;1
Kdqqdq/ H1M1 +4<96,/ Uhjuhvvlrq iru Wlph Vhulhv zlwk Huuruv ri Phdvxuh0
phqw/ Elrphwulnd/ 83/ 5<606351
Kdxvpdq/ M1 +4<:;,/ Plvvshfl?fdwlrq Whvwv lq Hfrqrphwulfv/ Hfrqrphwulfd/
79/ 4584045:4
Kxuylfk/ F1P1/ U1Ghr dqg M1 Eurgvn| +4<<;,/ Wkh Phdq Vtxduhg Huuru ri
Jhzhnh dqg Sruwhu0Kxgdn*v Hvwlpdwhv ri wkh Phpru| Sdudphwhu ri d
Orqj Phpru| Wlph Vhulhv/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 4</ 4<0791
Mrkdqvhq/ V1 +4<<4,/ Hvwlpdwlrq dqg K|srwkhvlv Whvwlqj ri Frlqwhjudwlqj
Yhfwruv lq Jdxvvldq Yhfwru Dxwruhjuhvvlyh Prghov/ Hfrqrphwulfd/ 8</
4884048;31
N￿qvfk/ K1U1 +4<;:,/ Vwdwlvwlfdo Dvshfwv ri Vhoi0Vlplodu Surfhvvhv/ Surfhhg0
lqjv ri wkh Iluvw Zruog Frqjuhvv ri wkh Ehuqrxool Vrflhw|/ YQX Vflhqfh
Suhvv/ 4/ 9:0:71
Oredwr/ L1J1 +4<<9,/ Pxowlyduldwh Dqdo|vlv ri Orqj Phpru| lq wkh Iuh0
txhqf| Grpdlq/ Sk1G1 Wkhvlv/ Xqlyhuvlw| ri Orqgrq
4<Oredwr/ L1J1 +4<<<,/ D Vhplsdudphwulf Wzr0Vwhs Hvwlpdwlrq rq d Pxowl0
yduldwh Orqj Phpru| Prgho/ Mrxuqdo ri Hfrqrphwulfv/ <3/ 45<0486
Oredwr/ L1 dqg S1P1 Urelqvrq +4<<;,/ D Qrqsdudphwulf Whvw iru UEf￿/U h 0
ylhz ri Hfrqrplf Vwxglhv/ 98/ 7:807<8
Pdulqxffl/ G1 dqg S1P1 Urelqvrq +4<<<d,/ Dowhuqdwlyh Irupv ri Iudfwlrqdo
Eurzqldq/ Mrxuqdo ri Vwdwlvwlfdo Sodqqlqj dqg Lqihuhqfh/ ;3/ 4440455
Pdulqxffl/ G1 dqg S1P1 Urelqvrq +4<<<e,/ Ilqlwh Vdpsoh Lpsuryhphqwv lq
Vwdwlvwlfdo Lqihuhqfh zlwk UE￿￿ Surfhvvhv/ suhsulqw1
Pdulqxffl/ G1 dqg S1P1 Urelqvrq +5333,/ Zhdn Frqyhujhqfh ri Pxowlyduldwh
Iudfwlrqdo Surfhvvhv/ Vwrfkdvwlf Surfhvvhv dqg wkhlu Dssolfdwlrqv/ ;9/
43604531
Skloolsv/ S1F1E1 +4<<4d,/ Rswlpdo Lqihuhqfh lq Frlqwhjudwhg V|vwhpv/ Hfrqr0
phwulfd/ 8</ 5;606391
Skloolsv/ S1F1E1 +4<<4e,/ Vshfwudo Uhjuhvvlrq iru Frlqwhjudwhg Wlph Vhulhv/
Qrqsdudphwulf dqg Vhplsdudphwulf Phwkrgv lq Hfrqrphwulfv dqg Vwd0
wlvwlfv/ +Z1D1 Eduqhww/ M1 Srzhoo dqg J1 Wdxfkhq/ hgv1,/ Fdpeulgjh=
Fdpeulgjh Xqlyhuvlw| Suhvv/ 74607681
Skloolsv/ S1F1E1 dqg V1Rxoldulv +4<;;,/ Whvwlqj iru Frlqwhjudwlrq Xvlqj Sulq0
flsdo Frpsrqhqwv Phwkrgv/ Mrxuqdo ri Hfrqrplfv G|qdplfv dqg Frq0
wuro/ 45/ 5380563
Skloolsv/ S1F1E1 dqg E1H1 Kdqvhq +4<<3,/ Vwdwlvwlfdo Lqihuhqfh lq Lqvwux0
phqwdo Yduldeoh Uhjuhvvlrq zlwk UE￿￿ Yduldeohv/ Uhylhz ri Hfrqrplf
Vwxglhv/ 8:/ <<04581
Urelqvrq/ S1P1 +4<:6,/ Vwrfkdvwlf Gl>huhqfh Htxdwlrqv zlwk Qrq0Lqwhjudo
Gl>huhqfhv/ Dgydqfhv lq Dssolhg Suredelolw|/ 9/ 85708781
Urelqvrq/ S1P1 +4<;;,/ Wkh Vwrfkdvwlf Gl>huhqfh Ehwzhhq Hfrqrphwulf
Vwdwlvwlfv/ Hfrqrphwulfd/ 89/ 864087;1
Urelqvrq/ S1P1 +4<<7d,/ Vhplsdudphwulf Dqdo|vlv ri Orqj0Phpru| Wlph
Vhulhv/ Dqqdov ri Vwdwlvwlfv/ 55/ 848086<1
Urelqvrq/ S1P1 +4<<7e,/ H!flhqw Whvwv ri Qrqvwdwlrqdu| K|srwkhvhv/ Mrxu0
qdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;</ 47530476:1
53Urelqvrq/ S1P1 +4<<8d,/ Orj0Shulrgrjudp Uhjuhvvlrq ri Wlph Vhulhv zlwk
Orqj Udqjh Ghshqghqfh/ Dqqdov ri Vwdwlvwlfv/ 56/ 437;043:51
Urelqvrq/ S1P1 +4<<8e,/ Jdxvvldq Vhplsdudphwulf Hvwlpdwlrq ri Orqj0
Udqjh Ghshqghqfh/ Dqqdov ri Vwdwlvwlfv/ 56/ 4963049941
Urelqvrq/ S1P1 +4<<;,/ Frpphqw rq Uhdo dqg Vsxulrxv Orqj Phpru| Surs0
huwlhv ri Vwrfn Pdunhw Gdwd/ e| L1J1Oredwr dqg Q1H1Vdylq/ Mrxuqdo ri
Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv/ 49/ 59405;5
Urelqvrq/ S1P1 dqg G1Pdulqxffl +4<<:,/ Vhplsdudphwulf Iuhtxhqf|0Grpdlq
Dqdo|vlv ri Iudfwlrqdo Frlqwhjudwlrq/ suhsulqw1
Urelqvrq/ S1P1 dqg G1Pdulqxffl +4<<<d,/ Qduurz0Edqg Dqdo|vlv ri Qrq0
vwdwlrqdu| Surfhvvhv/ suhsulqw1
Urelqvrq/ S1P1 dqg G1Pdulqxffl +4<<<e,/ Wkh Dyhudjhg Shulrgrjudp iru
Qrqvwdwlrqdu| Yhfwru Wlph Vhulhv/ Vwdwlvwlfdo Lqihuhqfh iru Vwrfkdvwlf
Surfhvvhv/ iruwkfrplqj1
Urelqvrq/ S1P1 dqg \1\dmlpd +5333,/ Ghwhuplqdwlrq ri Frlqwhjudwlqj Udqn
lq Iudfwlrqdo V|vwhpv/ uhylvlrq zlwk Mrxuqdo ri Hfrqrphwulfv1
Vwrfn/ M1K1 +4<;:,/ Dv|pswrwlf Surshuwlhv ri Ohdvw Vtxduhv Hvwlpdwruv ri
Frlqwhjudwlqj Yhfwruv/ Hfrqrphwulfd/ 88/ 4368043891
Yhodvfr/ F1 +4<<<d,/ Qrq0Vwdwlrqdu| Orj0Shulrgrjudp Uhjuhvvlrq/ Mrxuqdo
ri Hfrqrphwulfv/ <4/ 65806:4
Yhodvfr/ F1 +4<<<e,/ Jdxvvldq Vhplsdudphwulf Hvwlpdwlrq ri Qrq0Vwdwlrqdu|
Wlph Vhulhv/ Mrxuqdo ri Wlph Vhulhv Dqdo|vlv/ 53/ ;:045:
54WDEOH 4= FRQVXPSWLRQ +F, DQG LQFRPH +L, +htv1 4;/ 53/ 56/
58,
r h _ _ FL e _ FL h _W FL e _W FL
55 4146 4146 1<5/4167 0 19:/4137 1<8 1<7/1<: 1;< 1:7/4136
F 63 4137 4144 1<6/415< 1<: 1;4/4146 1<; 1<:/1<< 1<9 1;6/413;
73 4137 4145 1<:/415; 4133 1;9/4147 4135 4135/4136 4135 1<4/4146
55 1;< 1<< 1:;/4153 0 1:7/4144 1<8 1<7/1<: 1;< 1:7/4136
L 63 1<8 4136 1;8/4154 1<9 1;3/4145 1<; 1<:/1<< 1<9 1;6/413;
73 4135 413; 1<5/4156 4136 1;</414: 4135 4135/4136 4135 1<4/4146
WDEOH 5= VWRFN SULFHV +V, DQG GLYLGHQGV +G, +htv1 4;/ 53/ 56/
58,
r h _ _ FL e _ FL h _W FL e _W FL
55 1<9 4137 1;6/4158 1;< 1:4/4139 1<7 1<5/1<9 1;; 1:6/4136
V 63 1;6 1<4 1:6/413< 1:; 195/1<7 1;7 1;6/1;8 1:: 198/1<3
73 1;7 1<3 1:8/4139 1;5 19;/1<9 1;: 1;9/1;: 1;5 1:4/1<6
55 1<4 1;; 19:/413< 1;7 19:/4135 1<7 1<5/1<9 1;; 1:6/4136
G 63 1;9 1;9 19;/4136 1:8 18</1<4 1;7 1;6/1;8 1:: 198/1<3
73 1<4 1<8 1;3/4144 1;6 1:3/1<: 1;: 1;9/1;: 1;5 1:4/1<6
55WDEOH 6= WHVWV IRU XQLW URRWV +htv1 59/ 5</ 5:,





r 22 ￿f ef 22 ￿f ef 22 ￿f ef 22 ￿f ef 22 ￿f ef
F 2 L 0 1 6 : 1 5 64 1 71 5 91 3 84 1 41 6 :1 4 31 6 <1 8 94 1 51 3 31 3 81 9 4
V2G 617 4616 <19 1<; 918 817 1:; 615 51< 138 17< 1:: 147 183 13<
WDEOH 7= WHVWV IRU _+ ’ _% +B+ ’ B%￿ +htv1 4</59/5:,
i ‘ f ‘ÆB’4 u-ÆB’4 u￿ÆB’4
r 22 ￿f ef 22 ￿f ef 22 ￿f ef 22 ￿f ef
F2L 4139 135 135 0 13: 199 0 137 15; 143 134 144
V 2 G1 3 : 1 3 71 6 91 : 81 7 6 1 4 51 6 61 4 < 1 3 81 3 61 3 7 1 3 4
WDEOH 8= FRLQWHJUDWLRQ DQDO\VLV +htv1 </64,
e q6￿ e q62 e q6￿ e qd ?
2 o o%%c6￿ o%%c62 o%%c6￿ o%+c6￿ o%+c62 o%+c6￿
F2L 1564 1565 1565 155< 1;8 1;; 1<6 1;9 1;; 1<6
V2G 6615 6619 6518 6413 1:; 1:< 1;8 1;7 1;8 1;<
WDEOH 9= ORJ0SHULRGRJUDP HVWLPDWHV RI _e +ht1 4;,
GLIIHUHQFHV RI UHVLGXDOV UDZ UHVLGXDOV
r 22 ￿f ef 22 ￿f ef
h _e FL h _e FL h _e FL h _e FL h _e FL h _e FL
F2L 189 16</1:7 1;7 18;/414 1;9 199/4139 14< 013:/179 18: 159/1;: 194 16;/1;7
V2G 1:5 168/414 18: 15;/1;: 197 173/1;; 1:7 17:/4134 193 16;/1;5 197 178/1;6
56WDEOH := JDXVVLDQ HVWLPDWHV RI _e +ht1 56,
GLIIHUHQFHV RI UHVLGXDOV UDZ UHVLGXDOV
r 22 ￿f ef 22 ￿f ef
_e FL _e FL _e FL _e FL _e FL _e FL
F2L 195 174/1;6 1:; 193/1<9 1;: 1:4/4135 177 156/198 19; 183/1;9 1:9 194/1<4
V2G 1:: 189/1<; 195 177/1;3 198 183/1;4 1:: 189/1<; 195 177/1;3 195 179/1::
WDEOH ;= WHVWLQJ IRU +QR, FRLQWHJUDWLRQ +htv1 5:/63,
u￿ rq _e ’￿ u￿ rq _e ’f M+r M%r
r 22 ￿f ef 22 ￿f ef 22 ￿f ef 22 ￿f ef
F2L 5156 1<9 194 7187 471<3 661;7 431:< 8175 6188 5133 4145 4163
V2G 1:8 718: 71:9 49184 6319; 88143 7194 716: 41<9 133 4189 8154
W D E O H< =E L D VI R UI G O VD Q GR O V+ h t v 1; /4 3 ,
_% ’ ØD _% ’ ØH _% ’￿ Ø2
?_ e e q6￿ e q62 e q6￿ e qd?
2 o e q6￿ e q62 e q6￿ e qd?
2 o e q6￿ e q62 e q6￿ e qd?
2 o
9 71 3 1 7 <1 8 41 8 61 9 61 5 71 5 91 5 :1 6 :1 3 71 3 71 3 71 3 :
9 71 5 1 9 41 9 61 9 71 : 41 6 51 6 61 6 81 7 61 3 91 3 :1 3 :1 4 3
9 71 7 1 : :1 : ;1 : ;1 ; 41 7 61 7 81 7 81 8 51 4 31 4 41 4 41 4 7
4 5 ; 1 3 1 7 41 7 51 7 71 7 <1 4 91 4 :1 4 <1 5 ;1 3 41 3 51 3 51 3 6
4 5 ; 1 5 1 8 61 8 81 8 :1 9 91 5 61 5 81 5 91 6 71 3 61 3 61 3 71 3 8
4 5 ; 1 7 1 : 71 : 71 : 81 : <1 6 81 6 91 6 ;1 7 71 3 91 3 91 3 :1 3 ;
57WDEOH 43= PVH IRU IGOV DQG ROV +htv1 ;/ 43,
_% ’ ØD _% ’ ØH _% ’￿ Ø2













9 71 3 1 5 ;1 5 <1 6 31 7 41 3 ;1 3 <1 3 <1 4 81 3 41 3 41 3 41 3 4
9 71 5 1 7 41 7 61 7 71 8 41 4 61 4 71 4 71 5 41 3 41 3 41 3 41 3 5
9 71 7 1 9 91 9 81 9 81 9 :1 5 61 5 61 5 71 5 <1 3 51 3 51 3 51 3 6
4 5 ; 1 3 1 4 <1 5 31 5 41 6 71 3 71 3 71 3 71 3 <1 3 31 3 31 3 31 3 3
4 5 ; 1 5 1 6 51 6 61 6 71 7 81 3 :1 3 ;1 3 ;1 4 61 3 31 3 31 3 31 3 4
4 5 ; 1 7 1 9 31 8 <1 8 <1 9 61 4 81 4 81 4 91 5 41 3 41 3 41 3 41 3 4
WDEOH 44= VL]H DQG SRZHU RI WKH KDXVPDQ WHVW DW 8( +ht1
63,
? 97 45; 589
_e _% 43 53 63 53 63 73 63 73 83
13 1; 6316( 6613( 6815( 7716( 8417( 8918( 9718( :814( ;313(
15 1; 5817( 5814( 5<14( 6516( 731<( 751:( 8416( 8<16( 9715(
17 1; 5714( 4;13( 4<17( 5514( 5:15( 5<18( 6619( 6;13( 7817(
1; 1; 551<( 4814( 4716( 451<( 4615( 4314( 451<( <1<( <1:(
13 4 6;17( 791;( 7<15( 9818( :718( ;414( ;:17( <51:( <715(
4 4 5417( 4719( 4414( 4713( 451;( 4318( 4416( 4419( :1;(
13 415 8819( 9715( 9514( ;61:( <317( <715( <:1<( <<16( <<1;(
15 415 7:15( 8913( 8:1<( :91<( ;61<( ;;19( <814( <:1:( <;1<(
17 415 6<1:( 7914( 7:15( 9814( :418( :91<( ;:1<( <514( <915(
415 415 4<17( 4816( 441:( 4813( 461:( 431;( 4516( 4419( 4317(
58